Abstract. Critical ideals generalize the critical group, Smith group and the characteristic polynomials of the adjacency and Laplacian matrices of a graph. We give a complete characterization of the digraphs with at most one trivial critical ideal. Which implies the characterizations of the digraphs whose critical group has one invariant factor equal to one, and the digraphs whose Smith group has one invariant factor equal to one.
Introduction
In the following, the underlying graph of any digraph must be connected, and will contain no loops. We say that a critical ideal I i (D, X D ) is trivial when it is equal to 1 .
Definition 1.2. The algebraic co-rank γ(D) of a digraph D is the number of trivial critical ideals of D.
Most of the basic properties of the critical ideals were obtained in [8] . For instance, it was proven that if H is an induced subdigraph of G, then I i (H, X H ) ⊆ I i (G, X G ) for all i ≤ |V (H)|. Thus γ(H) ≤ γ(G). In this work, we are interested in describing the following digraph family: Definition 1.3. For i ∈ N, let Γ ≤i = {D : D is a simple connected digraph with γ(D) ≤ i}.
Our main result is the characterization of Γ ≤1 . This implies two characterizations: the digraphs whose critical group has one invariant factor equal to 1, and the digraphs whose Smith group has one invariant factor equal to one. These characterizations generalize, in the digraph context, the characterization of the connected graphs with one trivial critical ideal and the characterization of connected graphs with one invariant factor equal to 1. For this, we will study in Section 2 the minimal forbidden digraphs for Γ ≤i . These digraphs have been playing a crucial role
The authors were partially supported by SNI. in the understating the critical ideals and their classification, and allow us to give the characterization of the digraphs with one trivial critical ideal. In Section 3, we will give the complete characterization of Γ ≤1 . Finally, in Section 4, we give the characterizations of the digraphs whose critical group has one invariant factor equal to 1, and the digraphs whose Smith group has one invariant factor equal to one.
Forbidden and γ-critical digraphs
The major advantage of the critical ideals over the critical group and the Smith group is that critical ideals behave well under induced subdigraph property. This property allow us to define the following concepts. 
We implemented this criterion in the software Sage [21] and Nauty [15] , Table 1 shows the number of γ-critical digraphs with at most 6 vertices. k\n 2 3 4  5  6  1  2  2  7 10  3  61 1308  414  4  1183 542437  5 38229 Table 1 . The number of γ-critical digraphs with n vertices and algebraic co-rank k.
Using the data obtained from this computation, we have that the directed path − → P 2 with 2 vertices and the directed cycle − → C 2 with 2 vertices are the minimal forbidden digraphs for Γ ≤0 , see Fig. 2 . Since any other connected digraph with more than 2 vertices contains − → P 2 or − → C 2 as induced digraphs, then Forb(Γ ≤0 ) = { − → P 2 , − → C 2 }. Therefore, the digraph T 1 consisting of an unique vertex is the only (
Also, we have that Forb(Γ ≤1 ) consists of 7 digraphs with 3 vertices and 10 digraphs with 4 vertices (see Figure 2) . These digraphs will be used to completely characterize Γ ≤1 in the next section.
Note that the set of digraphs in Forb(Γ ≤2 ) is bigger. For instance, at least contains 61 digraphs with 4 vertices, 1308 digraphs with 5 vertices, and 414 digraphs Figure 1 . The γ-critical digraphs with algebraic co-rank equal to 1.
with 6 vertices. The size and complexity of Forb(Γ ≤k ), for k ≥ 2, make difficult to obtain a complete characterization of Γ ≤k .
Digraphs with one trivial critical ideal
The main goal of this section is to give the characterization of the digraphs with at most one trivial critical ideal. As in the case of simple graphs and digraphs with algebraic co-rank equal to zero, the characterization of Γ ≤1 relies in that Γ ≤1 is closed under induced subdigraphs and that we have previously computed the γ-critical digraphs with algebraic co-rank equal to 2. Let F be the family of digraphs shown in Figure 2 ; consisting of 17 γ-critical digraphs with algebraic co-rank equal to 2. In appendix A there is a sage code to verify the following lemma. 
Let Λ n1,n2n3 be the digraph defined in the following way: The vertex set V (Λ n1,n2n3 ) is partitioned in three sets T , T ′ and K with n 1 , n 3 and n 2 vertices, respectively, such that T and T ′ are two trivial digraphs, and K is a complete digraph. Additionally, the arc sets (T, K) Λn 1 ,n 2 ,n 3 , (T, T ′ ) Λn 1 ,n 2 ,n 3 and (K, T ′ ) Λn 1 ,n 2 ,n 3 are complete.
See Figure 3 for a graphical representation of Λ n1,n2n3 . Let Λ be the family of digraphs consisting of all the connected digraphs Λ n1,n2n3 for all n 1 , n 2 , n 3 ≥ 0.
is trivial, and
Proof. We have that
where J m,n denote the all ones m × n-matrix. It is easy to see that the first critical ideal of a digraph with at least one arc is trivial. For the case when n 1 , n 2 , n 3 ≥ 1, we have that the non-singular 2-minors (with positive leading coefficient) of the generalized Laplacian matrix of ∆ n1,n2,n3 are of the form:
The non-singular 2-minors of the rest of the cases are a subset of the obtained previously, from which the result follows. Now we give the characterization of the digraphs with at most one trivial critical ideal. 
for some natural numbers n 1 , n 2 and n 3 .
Proof. By Lemma 3.1, each digraph in F has algebraic co-rank 2, then a digraph in Γ ≤1 is F-free. Also, Lemma 3.2 implies that each digraph in Λ belongs to Γ ≤1 . Therefore, it remains to prove that a F-free digraph is isomorphic to Λ n1,n2,n3 for some integers n 1 , n 2 and n 3 . We will proceed by induction on n = n 1 + n 2 + n 3 .
A1
A2 A3 A4 A5 A6 Figure 4 . The digraphs with 3 vertices that have algebraic corank equal to 1.
We have that − → P 2 and − → C 2 are the only digraphs with 2 vertices with algebraic co-rank equal to 1, and in Figure 4 there are shown the only six digraphs with algebraic co-rank equal to 1. The result is true for n ≤ 3, since all these digraphs belong to Λ.
Assume that, for some integer n ≥ 4, every F-free digraph on n vertices is isomorphic to Λ n1,n2,n3 for some n 1 , n 2 and n 3 . Now let D = (V, A) be an F-free digraph on n + 1 vertices, and let v ∈ V (D). The digraph D ′ = D − v is F-free, and by inductive hypothesis, D ′ is isomorphic to Λ n1,n2,n3 for some integers n 1 , n 2 and n 3 . Take three vertices a, b, c in D ′ such that its underlying graph is connected, and v is adjacent with at least one of the three vertices. Since D ′ is isomorphic to Λ, the induced digraph by the vertices a, b and c is isomorphic to one of the digraphs shown in Figure 4 . We are going to continue with the following claims. i.
Proof By the previous claims, v must be included into one of the three partitions of
Therefore, D belongs is isomorphic to a digraph in Λ.
Applications to the Critical group and the Smith group
Originally, critical ideals were defined as a generalization of the critical group, see [2, 3, 8] . However, it is also a generalization of several other algebraic objects like Smith group or characteristic polynomials of the adjacency and Laplacian matrices.
The characterization of the family of simple connected (di)graphs having critical group with i invariant factors equal to 1 has been of great interest. Probably, it was initially posed by R. Cori
1
. However, the first result appeared when D. Lorenzini noticed in [13] that the graphs having critical group with one invariant factor equal to 1 consist only of the complete graphs. After, C. Merino in [16] posed interest on the characterization of for the cases with 2 and 3 invariant factors equal to 1. In this sense, few attempts have been done. For instance, in [18] it was characterized the graphs having critical group with 2 invariant factors equal to 1 whose third invariant factor is equal to n, n − 1, n − 2, or n − 3. In [6] the characterizations of the same graphs but with a cut vertex, and with number of independent cycles equal to n − 2 are given. Recently, a complete characterization of the graphs having critical group with two invariant factors equal to 1 was obtained in [2] .
In this section, we will focus in giving a characterization of the digraphs whose critical group has one invariant factor equal to 1, and the characterization of the digraphs whose Smith group has one invariant factor equal to one.
Let us recall the concepts of adjacency matrix, Laplacian matrix, Smith group and critical group. [19] . The critical group is especially interesting; for connected graphs since its order is equal to the number of spanning trees of the graph. The critical group has been studied intensively over the last 30 years on several contexts: the group of components [13, 14] , the Picard group [4, 5] , the Jacobian group [4, 5] , the sandpile group [7] , chip-firing game [5, 16] , or Laplacian unimodular equivalence [10, 17] .
One way to compute the cokernel of M is by means of the Smith normal form and its associated invariant factors, see [12, Theorem 1.4] . Thus, the cokernel of M can be described as: coker(M ) ∼ = Z f1 ⊕ Z f2 ⊕ · · · ⊕ Z fr , where f 1 , f 2 , ..., f r are positive integers with f i | f j for all i ≤ j. These integers are called invariant factors of M . We might refer the reader to the Stanley's survey [20] on the Smith normal forms in combinatorics for more details in the topic.
Computation of the Smith normal form of the adjacency or Laplacian matrix is a standard technique to determine the Smith or critical group of a graph. It is well known that this can be achieved through integral row and column operations. One more way (see [1, 9] ) of determining the structure is by working directly within the particular abelian group to identify a cyclic decomposition for it. For it, we need to know the orders of the group, exhibit a set of elements and show that their orders divide the orders of the cyclic factors, and finally, show these elements do indeed generate the group.
An alternative in computing the invariant factors is by means of the following formula (see [11] ). If ∆ i (M ) is the greatest common divisor of the i-minors of the matrix M , then the i-th invariant factor f i is equal to ∆ i (M )/∆ i−1 (M ), where ∆ 0 (M ) = 1. The following result uses this formula to build a bridge between the critical groups and critical ideals. Moreover, G i ⊆ Γ ≤i for all i ≥ 0. By Proposition 4.1, to obtain the classification of the digraphs whose critical group has exactly one invariant factor equal to one, we only need to evaluate the out-degree of the vertices in the second critical ideal corresponding to each digraph in Lemma 3.2.
Corollary 4.2. The critical group of a connected digraph has exactly one invariant factor equal to 1 if and only if is isomorphic to the digraph Λ n1,n2,n3 where n 1 , n 2 , n 3 satisfy one of the following conditions.
• n1, n2, n3 ≥ 1, • n1, = n2 = 1, n3 = 0, • n1, = n3 = 1, n2 = 0, • n2, = n3 = 1, n1 = 0,
• n1 ≥ 0, n2 ≥ 2, n3 ≥ 0, • n1 = 0, n2 = 1, n3 ≥ 2, • n1 = 1, n2 = 0, n3 ≥ 2, • n1 ≥ 2, n2 = 0, n3 ≥ 2.
Proof. We have that the out-degree of a vertex v in Λ n1,n2,n3 is as follows.
By evaluating each indeterminate at its associated out-degree in the second critical ideal of Lemma 3.2, we obtain that the only cases that the ideal trivializes are n 1 ≥ 2, n 2 = 1, n 3 = 0 and n 1 ≥ 2, n 2 = 0, n 3 = 1.
Similar arguments used in [8] give us the following result for the Smith group. By evaluating each indeterminate at zero in the second critical ideal of Lemma 3.2, we obtain the characterization. 
